In the weakly nonlinear long wave régime, internal solitary waves are often modeled by the Korteweg-de Vries equation, which is well-known to support an exact solitary wave solution. However, when the effect of background rotation is taken into account, an additional term is needed and the outcome is the Ostrovsky equation. Although the additional term would appear to be relatively mild, being a linear long-wave perturbation, it has the drastic effect of destroying the solitary wave solution. Instead an initial solitarylike disturbance decays into radiating oscillatory waves, with the eventual formation of a nonlinear envelope solitary wave, whose carrier wavenumber is determined by an extremum in the group velocity. In this paper, we will use a combination of theoretical analyses, numerical simulations and laboratory experiments to describe this process.
Introduction
The Korteweg-de Vries (KdV) equation is well established as a canonical model for weakly nonlinear long waves. When the initial condition is localized, the long-time outcome is a family of rank-ordered solitary waves and some dispersing radiation, emphasizing the central role that the solitary wave solution plays in the KdV equation. Our concern here with internal solitary waves in the ocean, when the relevant KdV equation is given by, see the reviews by Grimshaw (2001) and Helfrich and Melville (2006) , expressed in the reference frame moving with the linear long wave speed c 0 ,
A t + νAA x + λA xxx = 0 .
Here, A(x, t) is the amplitude of the linear long wave mode φ(z) corresponding to the linear long wave phase speed c 0 . The coefficients ν and λ are given by Iν = 3 c 
Here ρ 0 (z) is the background density stratification, which is stably stratified. The solitary wave solution is
Although this KdV equation has been shown to be a valid model for internal solitary waves in the coastal ocean, these waves often exist for several inertial periods, and hence the effects of the Earth's background rotation needs to be taken into account. Several numerical experiments of model equations, including the Ostrovsky equation (see equation (4) below), and of fully nonlinear equation systems have shown that background rotation tends to inhibit the production of internal solitary waves, see Helfrich (2007) and Grimshaw and Helfrich (2008) , and the references therein. In particular, Helfrich (2007) found that an initial solitary wave disturbance decayed through the radiation of inertial gravity waves, and eventually an envelope wave packet formed. The simplest model equation which takes account of background rotation is the Ostrovsky equation, which is an adaptation of the KdV equation (1) given by, see Ostrovsky (1978) , Grimshaw (1985) and ,
The background rotation is represented by the coefficient γ which is given by
where f is the Coriolis parameter.
Our concern here is the case when λγ > 0, which is typical for internal and surface waves, see (2, 5) , when it is known that equation (4) does not support steady solitary wave solutions. At first sight, this seems rather surprising, as the additional term on the right-hand side of (4) is an apparently mild linear long-wave perturbation to the KdV equation. The simplest explanation for this is from an examination of the linear spectrum of the Ostrovsky equation Without loss of generality, we may choose λ > 0, γ > 0. The linear dispersion relation of the Ostrovsky equation (4) for sinusoidal waves of wavenumber k, frequency ω is, when expressed for the phase
A typical plot is shown in Figure 1 . In the KdV case, there is a gap in the spectrum for all c > 0 where solitary waves can exist. But there is no such gap for the Ostrovsky equation, and hence no solitary waves. However, this explanation does not rule out the possibility that there may be an embedded solitary wave. In the Appendix we provide a simple proof that the Ostrovsky equation with λγ > 0 has no steady solitary wave solutions.
The Ostrovsky equation has group velocity,
Thus c g is negative for all wavenumbers k, but has a local maximum
In our previous paper, Grimshaw and Helfrich (2008) , we showed that an initial KdV solitary wave decays into trailing radiating waves, and eventually a localized wave packet emerges has the slowest absolute speed of all the emitted radiation. That is, in a weakly nonlinear analysis, the wave packet propagates with the smallest (in absolute value) group velocity c gm with a carrier wavenumber k m . In sections 2 and 3 we review these numerical results and the supporting asymptotic theory. In the concluding section 4, we compare this theory and our numerical simulations, and also present some preliminary results from a recent laboratory experiment.
Numerical results
First note that the transformation
takes the Ostrovsky equation into itself, but with all coefficients equal to unity. That is, after omitting the "tilde" symbol, we can consider
In this transformed equation, the critical wavenumber is k m = (1/3) 1/4 = 0.760. In the original equation (4) we are especially interested in the small-γ case. But in this limit, the eventual wave packet solution that emerges has a very small amplitude, and takes a very long time to emerge. This difficulty is avoided here by using the transformed equation (9) instead. However, we then need to note that when using the KdV sech 2 -profile as an initial condition, the dependence on γ re-emerges in the transformed equation and is now in the initial condition. That is
Thus for a given input amplitude a s ,ã s varies as γ −1/2 andD s as γ 1/4 . As γ decreases, the input becomes larger and narrower.
Two typical numerical solutions of the Ostrovsky equation (9), with the initial condition being a KdV solitary wave are shown in Figures 2 and 3. The initial solitary wave rapidly decays into Poincare waves. and eventually the leading disturbance forms a wave packet.
3 Wave packet theory
Higher-order nonlinear Schrödinger equation
In many physical systems, the canonical model for a weakly nonlinear wave packet is the nonlinear Schrödinger equation (NLS)
written for the complex envelope A(x, t) of the weakly nonlinear asymptotic solution,
where c.c. denotes the complex conjugate. Here ω = ω(k) satisfies the linear dispersion relation and at leading order the envelope moves with the linear group velocity c g = ω k . The dispersive term in the NLS equation generically has the coefficient ∆ = c gk /2, but the coefficient µ of the cubic nonlinear term is system-dependent. Our concern here is with the situation when ∆ = c gk /2 = 0, selecting a wavenumber k = k m where the group velocity has a local extremum.
In this case we must replace the NLS equation with
Here * denotes the complex conjugate. The coefficient of the third-order linear dispersive term is δ = −c gkk /6 = 0, while the coefficients α, β of the mixed nonlinear dispersive terms are system-dependent. Note that we retain ∆, even although it may be zero, in order to broaden the parameter space. Equations of this type have arisen in nonlinear optics. In the present context, the asymptotic derivation of (12) from the Ostrovsky equation (4) is described in Grimshaw and Helfrich (2008) where it is shown that δ > 0, µ < 0, α > 0, β > 0 for all wavenumbers k.
The higher-order NLS equation (12) has the solitary wave solution, see Grimshaw and Helfrich (2008) for instance,
where we the gauge κ and the chirp σ are given by
and
This solution requires that δ(α + β) > 0, which is always the case for the Ostrovsky equation (4), and that δṼ > 0 which places a constraint on the allowed speeds V . In Figure 4 we show a numerical solution of the Ostrovsky equation (4) when the initial condition is the wave packet solution. This demonstrates that at least in the weakly nonlinear regime, the asymptotic wave packet solution (13) is a valid solution of the full Ostrovsky equation (4).
In the transformed equation (9) , this envelope solitary wave asymptotic solution (13, 14, 15) contains only one parameter, namely a, the amplitude, which is the expansion parameter. The critical wavenumber is then k m = (1/3) 1/4 = 0.760, and so the length scale of the carrier wave is 2π/k m = 8.27. From the expression (15) for the envelope solitary wave, the parameter K = 0.0255 a. Thus the ratio of the carrier wavelength to the envelope width is 2πK/k m = 0.211 a, and this is also a measure of the small expansion parameter. In the transformed equation (9), at criticality denoted by the subscript "c",
In the original variables, the (implicit) amplitude expansion parameter is = M a and so the condition for the validity of the envelope solitary wave asymptotic solution is << M , or νa << λγ .
Thus, as our numerical solutions have indicated, the amplitude scales with √ γ. This is what makes it difficult to study the small-γ case in the original equation (4), but as already noted this problem is avoided here by using the transformed equation (9) instead. In Figure 5 we compare the theoretical wave packet solution (13) with the wave packets found in corresponding numerical solutions of the normalized Ostrovsky equation (9) . The agreement is reasonable, especially when the initial KdV solitary wave amplitude is not too large, say η 0 ≤ 8. For larger initial amplitudes a wave packet forms, but with very few waves inside the envelope, and so the weakly asymptotic theory cannot then be used.
Decaying solitary wave and wavenumber selection
To describe the process through which an initial KdV solitary wave decays into radiating waves, we use the asymptotic argument of . This assumes that γ is an implicit small parameter, but we expect that, at least qualitatively, the outcome holds when γ is finite, but not too large. The first step is to assume an asymptotic form for the decaying solitary wave
The determination of how a(t) decays is found from the conservation law, For the full Ostrovsky equation the right-hand side is zero, see (26) in the Appendix, as the equation carries zero "mass". But here we apply this locally to the KdV solitary wave, with the balance of the total mass being carried away in radiated waves. Hence we find that
This has the solution
Thus the solitary wave is extinguished in finite time t 0 , proportional to a 1/2 0 /γ, where a 0 is the initial amplitude. In the normalized variables, see (8) , the extinction time is t 0 = √ 3a 0 . In our numerical simulations, for the range of initial amplitudes a 0 that we consider, this time is very short compared to the total run time. Also, in the normalized Ostrovsky equation (9), the small parameter is 1/a 1/2 0 .
In the range 0 < t < t 0 we can use linear kinematic wave theory to describe the emitted radiation. As the solitary wave decays, it propagates along the path x = P (t), emitting radiation to the left ( c g < 0). At x = P (t), the emitted wave has that wavenumber k P (t) determined its phase speed c(t) = V s (t), see Figure 1 . For 0 < t < t 0 , it follows that V s (0) > c > 0 and so k P (0) < k P < k 0 = (γ/λ) 1/4 , Note that for small γ long waves are emitted. A detailed analysis of the emitted rays describing the radiated wave field reveals that caustics form in x − t space associated with the wavenumbers k = k m where c gk = 0, and k = k 0 . However, the latter wavenumber is associated with a zero solitary wave amplitude, and so zero emitted radiated waves. Thus, although this theory is limited to the early time range 0 < t < t 0 , it does predict a trend towards the critical wavenumber k m , where the radiated wave amplitudes become enhanced. But, this linear theory cannot predict the subsequent nonlinear wave packet formation.
Discussion and experimental results
The combination of asymptotic theory and numerical simulations described above provide convincing evidence that an initial KdV solitary wave will decay and eventually a new coherent structure emerges, namely a nonlinear wave packet. As a further test of this hypothesis, a series of laboratory experiments were conducted in September 2009 using the 13m diameter rotating platform at the LEGI-Coriolis Laboratory in Grenoble, and here we shall describe some preliminary results. A sketch of the experimental setup is shown in Figure 6 . All the experiments were conducted with a salt-stratified, two-layer system with the resting upper layer depth h 1 = 6cm and lower layer depth h 2 = 30cm. The density difference between the layers was fixed at 0.01gm cm −3 , and the table rotation periods were T = ∞, 120, 90, 60, or 45s. The initial wave was generated by a lock-release from a 5m wide by 45cm long reservoir that was situated adjacent to the outer tank wall. The large width of the reservoir helped to minimize geometric spreading effects. Prior to each experiment the interface within the reservoir was lowered by the addition of fresh water to produce an initial interface elevation difference of ∆h = 3, 6, 9, or 12cm. An array of sloping beaches spanning the interface were situated along the far wall of the tank to reduce reflection. The interface displacement was measured with an array of ultrasonic travel-time probes, see Figure 6 . In addition, three overhead CCD cameras obtained images, obtained by dying the upper fluid and lighting from below.
Before discussing the experimental results it is necessary to mention that Renouard and Germain (1994) conducted a nearly identical set of experiments. Their reservoir was not as wide and the propagation distance was somewhat shorter. Also, they did not use overhead camera imaging or as dense an array of ultrasonic probes. Critically, they did not have the advantage of the current theoretical model to guide the interpretation of the experiments. Rather they attempted to explain their observations as steadily propagating solitary waves, which are known not to exist (see the Appendix). However, from their Figure 13 it is clear that they observed the same wave packet phenomena found in the present experiments. Unfortunately they did not take or report adequate information about their runs to use here.
Runs without rotation confirmed that the generation mechanism produces a single steadily propagating solitary wave of depression. The influence of rotation is clear in Figures 7 and 8 with ∆h = 9cm and T = 120 and 60s, respectively. In Figure 7 the initial wave at the first three probes near the reservoir show a leading solitary-like wave followed by a substantial dispersive tail. Once the leading disturbance reaches the probes at y > 7m a wave packet has developed. In Figure 7 the packet formation is evident in probes located near y = 5m. Indeed, the disturbance recorded at y = 0.99m already shows a packet-like structure, rather than a single solitary wave. In both these cases rotation leads to the generation of a leading wave packet with a clearly identifiable carrier wave frequency and packet group speed that is slower than the phase speed of the carrier wave. The packet structure with maximum wave amplitude behind the leading edge is characteristic of nonlinearity and in qualitative agreement with the theoretical and numerical results. Figure 9 shows an example of the imaging data for the same run as in Figure 8 . The interfacial displacement along x = 50cm is shown. This is similar to the probe data, but provides a more complete view of the leading packet structure and the distinct phase and group speeds. It also shows clearly that the packet is followed by smaller amplitude waves with different wave numbers.
A summary of the experimental results is shown in Figure 10 . The measured carrier wave length λ, phase speed c and packet group speed c g are shown as functions of T for all the rotating experiments. The phase speed was determined from the ultrasonic probes by fitting to the y-t pairs of individual crests and troughs and λ = ct c was found from the average carrier wave period t c within the leading packets. The group speed was found by fitting a cubic spline to the crests (and troughs) and fitting a line to the location of the maximum points versus time. The symbols show the mean values and error bars indicate the variability and experimental error. The figure also shows the predictions for the carrier wave length, 2π/k m , phase speed, c m , and the maximum group speed c gm from the linear dispersion relation from the Ostrovsky equation (7) for a two-layer system with the experimental stratification. Also shown are the same quantities from the full, linear, two-layer dispersion relation. The qualitative agreement between the theoretical predictions and the experimental data is very good. The experimental data do not indicate any systematic effect of wave amplitude (e.g., ∆h). However, this is a higher-order effect that may be hidden by the experimental uncertainty. Overall, the experiments confirm that the long-time effect of background rotation on a KdV solitary wave is its conversion into a wave packet. 
